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Tensor perturbations of f(T )-branes
Wen-Di Guo, Qi-Ming Fu, Yu-Peng Zhang, and Yu-Xiao Liu∗
Institute of Theoretical Physics, Lanzhou University,
Lanzhou 730000, People’s Republic of China
We explore the tensor perturbation of the f(T ) brane embedded in an AdS5 spacetime. With
the transverse-traceless condition, we get the tensor perturbation equation of the f(T ) brane and
show that the stability of this brane system can be ensured. In addition, we take f(T ) = T + αT 2
as an example to analyse the localization problem of the graviton zero mode. It is shown that the
graviton zero mode can be localized on the brane.
PACS numbers: 04.50.-h, 11.27.+d
I. INTRODUCTION
The extra-dimensional theory was first proposed to
unify gravity and electromagnetic force [1]. In the five-
dimensional Kluza-Klein (KK) theory, the extra dimen-
sion is compacted into a circle with a Planck-scale radius
and the electromagnetic field is generated from a part of
a five-dimensional metric [1, 2]. In 1998, Arkani-Hamed,
Dimopoulos, and Dvali (ADD) proposed a large extra
dimension model in order to solve the hierarchy prob-
lem between the electroweak scale and the Planck scale
[3]. However, the ADD model introduces a new hier-
archy between the size of the extra dimensions and the
fundamental length. This problem can be solved by one
of the subsequent Randall-Sundrum (RS) brane models
[4, 5]. The RS models have attracted much more at-
tention since they were proposed, because of their great
success in solving the hierarchy problem. However, the
thickness of the RS branes is vanishing. The more real-
istic model is the so-called thick brane model, where the
brane is constructed by the scalar field [6–10]. Various of
thick brane models have been investigated in Refs. [11–
29].
General relativity only takes the effect caused by cur-
vature. However, torsion can also lead to the equivalent
gravity theory known as the teleparallel equivalent of gen-
eral relativity (TEGR) [30]. The TEGR is constructed
in the Weitzenbo¨ck manifold, which has vanishing curva-
ture but non-vanishing torsion. The dynamical variables
in the TEGR are the vielbeins, which are defined in the
tangent space at each point of the spacetime.
Since the difference between the torsion scalar T and
Ricci scalar R is a boundary term B, the TEGR has
the same field equations as general relativity. In order to
find out what is the influence of torsion, one should mod-
ify the TEGR. Inspired by f(R) gravity, the TEGR can
be extended to f(T ) gravity, which was proposed to ex-
plain the acceleration of the universe by Bengochea and
Ferraro [31]. Some models based on teleparallel gravity
have been constructed in order to provide an alternative
∗liuyx@lzu.edu.cn, corresponding author
to inflation without inflation [32, 33]. Cosmological is-
sues in higher-dimensional theories of f(T ) gravity have
been discussed in Refs. [34–36]. The perturbation on cos-
mology in f(T ) gravity can be seen in Refs. [37–39]. In
Ref. [40], the authors extended f(T ) gravity to more
general f(T,B) gravity and showed that f(T ) and f(R)
gravities are only its two special subcases. Other related
researches can be found for examples in Refs. [41–48].
In this paper, we are interested in topics related to
f(T ) brane scenario, i.e., brane model in f(T ) gravity.
Some solutions of f(T ) brane have been found recently
in Refs. [49, 50]. The authors of Ref. [49] considered
the case of f(T ) = T + αT n and found that the brane
will have a split with the increasing of the parameter |α|,
which is similar to the case of f(R) brane [24, 51, 52].
In Ref. [50], f(T ) brane model with the same f(T ) =
T + αT n was investigated with the first-order formalism
for standard and generic Lagrangian densities of a scalar
field. Analytical solutions with brane splitting were also
found. However, the stability of f(T ) brane system is
still unknown. In this paper we will focus on this issue
and analyse the localization of the graviton zero mode,
which is an important issue in brane model since it will
ensure the four-dimensional Newtonian potential on the
brane [28, 53–67].
This paper is organised as follows. In Sec. II, we review
the brane world model in f(T ) gravity briefly. In Sec. III,
we investigate the stability of the f(T )−brane system un-
der tensor perturbation. The localization of the graviton
zero mode is studied in Sec. IV. The conclusion is given
in the last section.
II. BRANE WORLD MODEL IN f(T ) GRAVITY
We first give a brief review of teleparallel gravity. In
teleparallel gravity, one usually works in the tangent
space, which is associated with a spacetime point in the
manifold, instead of the coordinate basis. At each point
in the manifold with spacetime coordinates xM , the viel-
bein fields eA(x
M ) form an orthonormal basis of the tan-
gent space. Capital Latin A,B,C, · · · = 0, 1, 2, 3, 5 and
M,N,O, · · · = 0, 1, 2, 3, 5 label tangent space and space-
time coordinates, respectively. Clearly, eA(x
M ) is a vec-
2tor in the tangent space; and its components in a co-
ordinate basis are eA
M , which are both spacetime and
Lorentz vectors.
The spacetime metric can be constructed from the viel-
bein
gMN = e
A
M e
B
NηAB , (1)
where ηAB = diag(−1, 1, 1, 1, 1) is the Minkowski metric
for the tangent space. From the relation (1), we have
eA
MeAN = δ
M
N , eA
MeBM = δ
B
A . (2)
It is the Weitzenbo¨ck connection Γ˜ρµν rather than the
Levi-Civita connection Γρµν that works in the teleparallel
gravity, which is defined as
Γ˜PMN ≡ eAP∂NeAM . (3)
The asymmetric torsion tensor is constructed from the
Weitzenbo¨ck connection:
TPMN = Γ˜
P
NM − Γ˜PMN . (4)
The difference between the Weitzenbo¨ck connection and
Levi-Civita connection is denoted by
KPMN ≡ Γ˜PMN − ΓPMN =
1
2
(
T PM N + T
P
N M − TPMN
)
.
(5)
It is useful to define a tensor S MNP :
S MNP ≡
1
2
(
KMNP − δNP TQMQ + δMP TQNQ
)
. (6)
Then the Lagrangian of teleparallel gravity can be writ-
ten as
LT = −M
3
∗
4
eT ≡ −M
3
∗
4
eS MNP T
P
MN , (7)
where e = det(eAM ) =
√−g with g the determinant of
the metric gMN , and M∗ is fundamental Planck scale
in five-dimensional spacetime. Similar to f(R) gravity
theory that generalizes general relativity, f(T ) gravity
theory is the generalization of teleparallel gravity. Since
the action of teleparallel gravity differs from that of gen-
eral relativity only by a boundary term, it is equivalent
to general relativity. However, f(T ) gravity is different
from f(R) gravity.
In this paper, we consider the brane world model in
five-dimensional f(T ) gravity. The action is given by
S = −M
3
∗
4
∫
d5x e f(T ) +
∫
d5xLM , (8)
where f(T ) is a function of the torsion scalar T and LM
stands for the matter Lagrangian density. We can get
the filed equations by varying the action with respect to
the vielbein:
e−1fT gNP∂Q
(
e S PQM
)
+ fTTS
Q
MN ∂QT
−fT Γ˜PQMS QPN +
1
4
gMNf(T ) = TMN , (9)
where fT ≡ ∂f(T )∂T , fTT ≡ ∂
2f(T )
∂T 2
, and TMN is the
energy-momentum tensor of the matter field. We have
set M∗ = 1. Note that, the above field equations only
contain spacetime indices.
We would like to consider the flat brane world scenario,
for which the metric ansatz reads as
ds2 = e2A(y)ηµνdx
µdxν + dy2, (10)
where e2A(y) is the warp factor and ηµν = diag(−1, 1, 1, 1)
is the reduced metric on the brane world. Then the
bulk vielbein is eAM = diag(e
A, eA, eA, eA, 1). Here,
the matter Lagrangian density is taken as LM =
e(− 12∂Mφ ∂Mφ− V (φ)), where φ is a background scalar
field that generates the brane. It is clear that the scalar
field is a function of the extra dimension y, i.e., φ = φ(y).
The explicit fields equations (9) and the equation of mo-
tion of the scalar field are given by
6A′2fT +
1
4
f = −V + 1
2
φ′2,
1
4
f +
(
3
2
A′′ + 6A′2
)
fT − (36A′2A′′)fTT = −V − 1
2
φ′2,
φ′′ + 4A′φ′ =
dV
dφ
, (11)
where prime denotes the derivation with respect to the
extra dimension y. Note that the above three equations
are not independent.
For f(T ) = T + αT n, the thick brane solutions are
investigated in Ref. [49]. Here, we list two of them :
e2A(y) = cosh−2b(ky), (12a)
φ(y) =
√
6b arctan
(
tanh
(ky
2
))
, (12b)
V (φ) =
3bk2
4
[
(1 + 4b) cos2
(
2φ√
6b
)
− 4b
]
, (12c)
for n = 0 or n = 1/2, and
e2A(y) = cosh−2b(ky), (13a)
φ(y) =
√
3b
2
(
i
(
E(iky;u)− F(iky;u)
)
+
√(
1 + u sinh2(ky)
)
tanh(ky)
)
, (13b)
V (φ(y)) =
3
8
bk2
(
288αb3k2 tanh4(ky)− 8b tanh2(ky)
+sech4(ky)(u cosh(2ky)− u+ 2)
)
, (13c)
for n = 2, where u = 1− 72αb2k2. Here b and k are posi-
tive parameters, F (y; q), E(y; q) are the first and second
kind elliptic integrals, respectively, and α ≤ 1/(72k2b2)
for the second solution (13) in order to insure that the
scalar field φ is real. When y → ±∞, A(y) → −bk|y|.
3Thus, the spacetime described by the above two solu-
tions is asymptotically AdS5. The cosmological constant
is given by
Λ5=−3b2k2, for n = 0, 1/2. (14)
Λ5=−3b2k2
(
1− 36αb2k2) < 0, for n = 2. (15)
The energy densities for the above two brane solutions
are respectively
ρ =
3
2
bk2sech(ky) + 3b2k2sech2(ky), (n = 0, 1/2) (16)
and
ρ=
(3
2
bk2 + 3b2k2
)
sech2(ky)− 108αb4k4[1− tanh4(ky)]
−108αb3k4 tanh2(ky)sech2(ky), (n = 2) (17)
from which we can see that each of the solutions stands
for a thick brane localized near the origin of the extra
dimension (see Fig. 1(a) and 3), and the thickness of
the brane is of about 1/k. We find that the brane will
split when 1 + 2b+ 72α < 0 and the split increases with
|1 + 2b+ 72α|.
In thick brane models, we usually take M∗ ∼ k ∼
MPlanck, where MPlanck is the effective four-dimensional
Planck mass. In this paper, we set M∗ = k = 1.
III. TENSOR PERTURBATION
Next, we investigate the linear perturbations of the
brane system. For simplicity, we only consider the
transverse-traceless tensor perturbation in this paper,
which is related to the gravitational wave and four-
dimensional gravitons. The corresponding perturbed
vielbein reads as
eAM =
(
eA(y)(δaµ + h
a
µ) 0
0 1
)
. (18)
According to the relation (2) and keeping only the linear
order of the perturbation, we can get the inverse vielbein
as
eA
M =
(
e−A(y)(δa
µ − haµ) 0
0 1
)
, (19)
where ha
µ = ha
µ(xµ, y). Using Eq. (1) we can easily get
the corresponding metric:
gMN =
(
e2A(y)(ηµν + γµν) 0
0 1
)
, (20)
and its inverse:
gMN =
(
e−2A(ηµν − γµν) 0
0 1
)
, (21)
where
γµν = (δ
a
µh
b
ν + δ
b
νh
a
µ)ηab,
γµν = (δa
µhb
ν + δb
νha
µ)ηab, (22)
and γµν = ηµαηνβγαβ , ha
µ = ηabη
µνhbν .
Note that the TT tensor perturbation satisfies the fol-
lowing TT conditions:
∂µγ
µν = 0 = ηµνγµν , (23)
whose equivalent vielbein form is
∂µ(δa
µhb
ν + δb
νha
µ)ηab = 0, (24)
δa
µhaµ = 0. (25)
It is convenient to take the vielbein form in the following
work.
The nonvanishing components of the perturbed torsion
tensors read as
T ρ5µ = A
′δρµ −A′(δaµhaρ − δaρhaµ) + δaρh′aµ,
T ρµν = δa
ρ(∂µh
a
ν − ∂νhaµ). (26)
In this paper, we always neglect the second-order terms
for the perturbed quantities. And the torsion scalar is
T = −12A′2. (27)
Inserting the torsion tensor (26) into Eqs. (5) and (6), we
get
K5 µν= e
2A
(
A′ηµν +A
′γµν +
1
2
γ′µν
)
,
Kρ 5ν = −A′δρν −
1
2
δaνh
′
a
ρ − 1
2
δa
ρh′aν ,
Kρ µ5=
1
2
A′(δa
ρhaµ − δaµhaρ) + 1
2
δa
ρh′aµ − 1
2
δaµh
′
a
ρ
,
Kρ µν=
1
2
δaµ(∂
ρhaν − ∂νhaρ) + 1
2
δaν(∂
ρhaµ − ∂µhaρ)
− 1
2
δa
ρ(∂µh
a
ν − ∂νhaµ), (28)
and
S µν5 =
1
2
e−2AA′(δa
µhaν − δaνhaµ)
+
1
4
e−2A(δa
µh′aν − δaνh′aµ),
S 5νµ = −
3
2
A′δνµ +
1
4
δa
νh′aµ +
1
4
δaµh
′
a
ν
,
S ν5µ =
3
2
A′δνµ −
1
4
δa
νh′aµ − 1
4
δaµh
′
a
ν
,
S νρµ =
1
4
e−2Aδa
ρ(∂νhaµ − ∂µhaν) + 1
4
δaµ(∂
νha
ρ − ∂ρhaν)
− 1
4
e−2Aδa
ν(∂ρhaµ − ∂µhaρ)− 1
2
δνµe
−2Aδa
θ∂θh
aρ
+
1
2
δρµe
−2Aδa
θ∂θh
aν ,
S 5ν5 = −
1
2
e−2Aδa
ρ∂ρh
aν ,
S ν55 =
1
2
e−2Aδa
ρ∂ρh
aν . (29)
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FIG. 1: Plots of the energy density, effective potential, and zeromode for the brane solution of f(T ) = T+αT 2. The parameters
are set to b = 1, α = −0.005 (the black solid lines), α = −0.1 (the blue dotted lines), and α = −0.2 (the red dotted lines).
The energy-momentum tensor of the scalar field is
TMN = ∂Mφ∂Nφ− 1
2
gMNg
PQ∂Pφ∂Qφ− gMNV, (30)
where the perturbed scalar field can be expressed as
φ = φ¯+ φ˜ (31)
with φ¯ the background scalar field and φ˜ = φ˜(xµ, y) the
perturbation. Then we can get the perturbation of the
energy-momentum tensor:
δTµν = −e2A
(1
2
φ¯′2γµν + φ¯
′φ˜′ηµν
+ V γµν + Vφφ˜ηµν
)
,
δT5µ = φ¯′∂µφ˜,
δT55 = φ¯′φ˜′ − Vφφ˜. (32)
Considering the traceless condition (25), we have
δe = eeMA δe
A
M = ee
−AeAδµah
a
µ = 0. (33)
Then with δe = 0 and δT = 0, the perturbed equations
of (9) are turned out to be
e−1fT δgNP∂Q
(
eS PQM
)
+ e−1fT gNP∂Q
(
eδS PQM
)
+fTT δS
Q
MN ∂QT − fT δΓ˜QPMS PQN
−fT Γ˜QPMδS PQN +
1
4
δgMNf(T ) = δTMN . (34)
The (µ, 5) components of the above perturbed equations
vanish, and the (µ, ν) components are given by
fT
(
e−2A(4)γµν − 6A′′γµν − 24A′2γµν + γ′′µν
)
−24fTT
(
A′A′′γ′µν − 6A′2A′′γµν
)− γµνf
= φ¯′2γµν + 2φ¯
′φ˜′ηµν + 2V γµν + 2Vφφ˜ηµν , (35)
where (4) ≡ ηµν∂µ∂ν . Besides, the (µ, µ) component of
the background field equations (9) is
144A′2A′′fTT − 6
(
A′′ + 4A′2
)
fT − f = φ¯′2 + 2V. (36)
By plugging Eq. (36) into Eq. (35), we obtain(
γ′′µν + 4A
′γ′µν
)
fT − 24A′A′′γ′µνfTT
= 2ηµν(φ¯
′φ˜′ + Vφφ˜). (37)
The trace of Eq. (37) is
φ¯′φ˜′ + Vφφ˜ = 0. (38)
Then, substituting the above equation to Eq. (37) yields
the main equation of the tensor perturbation:(
e−2A(4)γµν + γ
′′
µν + 4A
′γ′µν
)
fT
−24A′A′′γ′µνfTT = 0, (39)
which can also be rewritten as the following one if we
introduce the relation a = eA:(
a−2(4)γµν + γ
′′
µν + 4
a′
a
γ′µν
)
fT
−24
(
a′a′′
a2
− a
′3
a3
)
γ′µνfTT = 0. (40)
By making coordinate transformation
dz = e−Ady, (41)
the tensor perturbation equation (40) is transformed as(
∂2z + 2H∂z +
(4)
)
γµν = 0, (42)
where
H =
3∂za
2a
+ 12a−5
(
2(∂za)
3 − a∂2za∂za
)fTT
fT
,
=
3
2
∂zA+ 12e
−2A
(
(∂zA)
3 − ∂2zA∂zA
) fTT
fT
.(43)
Next, we introduce the KK decomposition
γµν(x
ρ, z) = ǫµν(x
ρ)F (z)ψ(z), (44)
where F (z) = e−
3
2
A(z)+
∫
K(z)dz with
K(z) = 12a−5
(
a∂2za∂za− 2(∂za)3
)fTT
fT
,
= 12e−2A
(
∂2zA∂zA− (∂zA)3
)fTT
fT
. (45)
5Then by substituting the KK decomposition (44) into
the tensor perturbation equation (42), we get two equa-
tions: the KG-like equation for the four-dimensional KK
gravitons ǫµν (

(4) +m2
)
ǫµν(x
ρ) = 0, (46)
and the Schro¨dinger-like equation for the extra-
dimensional profile(−∂2z + U(z))ψ = m2ψ, (47)
where m is the mass of the KK graviton and the effective
potential is given by
U(z) = H2 + ∂zH. (48)
The Schro¨dinger-like equation (47) can be factorized as(− ∂z +H)(∂z +H)ψ = m2ψ, (49)
which means that there is no four-dimensional graviton
with m2 < 0, and so any brane solution of f(T ) grav-
ity theory is stable under the transverse-traceless tensor
perturbation. In order to localize a KK graviton on the
brane, the corresponding extra-dimensional profile ψ(z)
(also called KK mode for simplify) should be satisfied the
following normalization condition∫
dz ψ2(z) <∞. (50)
The solution of the graviton zero mode (the four-
dimensional massless graviton) is
ψ0 = N0e
3
2
A−
∫
K(z)dz, (51)
where N0 is the normalization coefficient.
IV. LOCALIZATION
In order to recover the four-dimensional gravity, the
graviton zero mode should be localized on the brane. In
this section, we investigate the gravity localization prob-
lem by one of the brane solutions given in section II.
We do not discuss the first brane solution with n = 12 ,
because the corresponding function f(T ) = T + α
√
T =
−12A′2 + α√−12A′2 is not real, so are the effective po-
tential U(z) (48) and the graviton zero mode ψ0(z) (51).
Now, we consider the second brane solution for f(T ) =
T +αT 2, for which the effective potential in the physical
coordinate y is
U(y) =
1
4
sech2b(y)
(
32b+ 16
(1− 24b2α) cosh(2y) + 24b2α+ 1
− 384b
2α[
(1− 24b2α) cosh(2y) + 24b2α+ 1]2
+ 15b2 − (3b+ 2)(5b+ 4)sech2(y)
)
, (52)
and the graviton zero mode reads
ψ0(y) =
N0
√
(1− 24b2α) cosh(2y) + 24b2α+ 1
cosh
3b
2
+1(y)
. (53)
We can fix the normalization constant N0 by the normal-
ization condition
∫ +∞
−∞
ψ20(z)dz =
∫ +∞
−∞
e−A(y)ψ20(y)dy =
1:
N0 =
2
(
24b2α− 2b− 1)
b(b+ 1)
×(
1− 2F1(1,−b− 1; b+ 1;−1)
)
, (54)
where 2F1 is the Hypergeometric function. So, the gravi-
ton zero mode can be localized on the brane.
Now, we analyze the effect of the parameters α and
b on the localization of the graviton zero mode. First,
we consider b = 1 and different values of α. As we can
see from Fig. 1(b), when α tends to zero, the shape of
the effective potential is volcano like, and the graviton
zero mode wave function has only one peak. This is an
expected result that is consistent with the scenario of
general relativity because the αT 2 term can be neglected
when α→ 0. When |α| increases, a new potential barrier
located at y = 0 and two potential wells around y =
0 will appear. The height of the new potential barrier
increases with the parameter |α|. This is consistent with
the change of the energy density with |α|. As a result, the
graviton zero mode wave function splits into two peaks as
shown in Fig 1(c), just like the split of the brane shown
in Fig. 1(a).
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FIG. 2: Plots of the effective potential and zero mode for the
brane solution of f(T ) = T + αT 2. The parameters are set
to α = −0.005, b = 2 (the black solid line), b = 20 (the blue
dotted line) and b = 40(the red dotted line).
Next, we fix α = −0.005 and take different values of b.
Figure 2 shows the shapes of the effective potential and
graviton zero mode. When b increases, a barrier arises
from the volcano-like potential function (see Fig. 2(a)),
and the graviton zero mode splits into two peaks (see
Fig. 2(b)). The properties are similar to that of the case
of fixed b.
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FIG. 3: Plots of the energy density with α = −0.005.
V. CONCLUSION
In this paper, we investigated the tensor perturbation
of the flat f(T ) thick brane model. By the relation be-
tween the perturbation of the metric and that of the viel-
bein we got the transverse-traceless condition in the form
of the tensor perturbation of the vielbein. Under that
condition, we derived the tensor perturbation equation
of the f(T ) brane. After the conformal transformation of
the coordinate and the KK decomposition to the pertur-
bation, we got a Schro¨dinger-like equation transformed
from the main equation of the tensor perturbation equa-
tion. (39), and proved that any solution for the f(T )
brane system is stable.
As an application, we studied one of the solutions for
the f(T ) = T + αT 2 model, for which the brane has a
little split. It was found that the graviton zero mode (
the four dimensional massless graviton) can be localized
on the brane, which indicates that the four dimensional
gravity can be recovered on the brane. Besides, by ad-
justing the parameters α and b, a new barrier appears in
the effect potential for the KK modes, and correspond-
ingly, the graviton zero mode also has a split. These
results are related to the inner structure of the brane.
The scalar perturbations for f(T ) branes will leave for
our future work.
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